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Flow equations for the Anderson Hamiltonian
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Received 21 February 1994

Abstract. Using a continuous unitary transformation recently proposed by Wegner [1] together
with an approximation that neglects irrelevant contributions, we obtain flow equations for
Hamiltonians. These flow equations yield a diagonal or almost diagonal Hamiltonian. As
an example we investigate the Anderson Hamiltonian for dilute magnetic alloys. We study the
different fixed points of the flow eguations and the corresponding relevant, marginal or irrelevant
contributions. Our results are consistent with results obtained by a numerical renormalization:
group method, but our approach is considerably simpler.

1. Introduction

Recently Wegner [1] developed a method to obtain flow equations for Hamiltonians. These
equations result from a continuous unitary transformation that brings the Hamiltonian closer
to diagonalization. The continuous unitary transformation generates a Hamiltonian H (£)
from ap initial Hamiltonian H(0). It may be written in the form

dH(£)

TR [n(e), H(E)] (1.1
where n{£) is an anti-Hermitian operator depending on £ as well. Assume that H is written
in the foorm H = HY+ H*. H? is a Hamiltonian that can be diagonalized whereas H®
containg further terms which are not simple. We now try to choose # such that H"(2) tends
to zero as £ goes to oo, Wegner proposed

n=[H, HY]. (12)

With this choice of n, H® does not necessarily vanish for £ — oo, but n vanishes in
this limit so that H can be diagonalized up to degeneracies of eigenvalues of H®. Notice
that of course the method of unitary transformations of a Hamiltonian is perfectly well
known in solid-state theory, in particular to study non-perturbative effets. However, it
is usually non-trivial to find these unitary transformation. With Wegner's choice of # in
{1.2) ane has a general framework to construct such unitary transformations that make
Hamiltonians ‘simpler’. One seems to recover a lot of standard wnitary transformations in
this way. A well known example is the Schrieffer—Wolff transformation [2]. The connection
between the unitary transformation induced by the flow equations and the Schrieffer—Wolff
transformation will be discussed in section 4.

It is clear that it is in general impossible to solve the full flow equations for a given initial
Hamiltonian. The sitation is even worse. If we consider for example an initial Hamiltonian
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describing electrons on a lattice with a given two-particle interaction, the flow equations
generate additional interactions among three and more particles. Wegner showed that in the
case of an n-orbital model in the limit # — oo, the equations for the two-particle interaction
are closed. This fact allowed him to solve the flow equations for a one-dimensional model
in the limit n — oo. Then it is possible to perform a 1/r-expansion.

In the present paper we introduce an approximation to the flow equations which allows
one to treat a large class of models. The approximation consists of neglecting those contribu-
tions on the right-hand side of (1.1) which are of a form different from the terms in the initial
Hamiltonian H(0), e.g. the terms generating three-particle interactions mentioned above are
neglected. Then one obtains a set of differential equations which can be analysed. In a
second step one can now add different contributions to the Hamiltonian in order to study the
effect of the terms neglected before. If such a contribution changes the Hamiltonian for large
£ significantly, it is relevant and must be included. If it does not change the Hamiltonian for
large £ it is irrelevant. As we will see, it is also possible that such an additional contribution
does not change the original terms in the Hamiltonian, but that it does not vanish either
for large £. In this case the contribution is called marginal. After having solved the flow
equations, the goal is to find all the relevant and marginal contributions to the Hamiltonian,

In order to show how this method works, we investigate the Anderson model for dilute
magnetic alloys [3]. It describes electrons on a lattice with a single defect state. The
Hamiltonian contains the kinetic energy of the electrons moving on the lattice, the energy of
the defect state, a hybridization of the states in the band with the defect state, and a (usually
repulsive) interaction of electrons in the defect state. For an excellent overview on this
madel and the results obtainable by different methods see [4]. In a certain limit this model
is solvable using a Bethe ansatz. Furthermore, it has been investigated by Krishnamurty et al
[5] using a numerical renormalization technique. We compare our results with some of the .
results in [5]. Especially we will see that the flow equations yield ‘fixed points’ similar to
the fixed points found in [5] and that the operators which are relevant (marginal, irrelevant)
in our approach are relevant (marginal, irrelevant) in the renormalization-group approach as
well. We will come back to the connection to renormalization techniques implied by our
suggestive use of language later.

Qur paper is organized as follows. In the next section we give a more detailed description
of the method. After that we derive the flow equations for the Anderson model and we
discuss the explicit structure of these equations in detail. The fixed points of the equations
are described. We also present numerical solutions of the equations. In section 4 we
discuss possible relevant and irrelevant contributions to the original Hamiitonian, and in
section 5 we compare our results for the Anderson model with the results of [5). Finally
we summarize our results and briefly discuss possible further investigations.

2. The method

The main part of the method is already described by (1.1) and (1.2). It has been explained
in detail by Wegner [1]. But since it is not yet well known and since we introduce a new
approximation not used in [1], we want to point out some useful properties of the flow
equations. To do this, let H = (f;,) be a real, symmetric N x N-matrix and A 4 be its
diagonal part. H' contains the off-diagonal matrix elements. Then the flow equations for
H(£) can be written in the form

dhye(£)

ey A D e p(Ohpg () = b p(E)7p.g (£)) 2.1
P
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and
N g(€) = (h;f.k(ﬂ} — hyg g (€N 4(£) 22
so that we obtain
dhy, o (£
tﬂ’]( ) _ D (i (€) + by g(8) — 2hp, p (BN p(Dp 5 (£) . 2.3)
r

In the sequel we will not explicitly write down the £-dependence of the matrix elements of
H and 7. Since ng, = —7,4, (2.1) describes a continuous unitary transformation of H.
The quantities Tr(H") do not depend on £. To study other properties of the flow equations
{2.3), let us calculate the derivative of Zk# B g

d 2 d 2
ORI W
kg
= —22(/1“ h”) B

=2 Z Ny 7 (2.4)

Zk#q hﬁ‘q is a monotonously decaying function of £. Since it is bounded from below, its
derivative with respect to £ vanishes if £ tends to infinity. This shows that, as already
mentioned in the introduction, 17z, vanishes in the limit £ — oo. Therefore, in the limit
¢ — oo, we obtain a matrix H that commutes with its diagonal part H¢. This means that
up to degeneracies in H¢ the matrix A has been diagonalized. Clearly it is unfortunately
not possible to solve the flow equations (2.3) analytically.

In this paper we introduce an approximation to the flow equations {2.1) and (2.2). In the
first step in this approximation we assume that a class of matrix elements may be neglected
if these matrix efements are zero initally. Suppose that the matrix elements of & are divided
into two classes, C? and C@, such that the matrix elements in C@ vanish for £ = 0. The
approximate flow equations are obtained from (2.3) if we put #gq = 0 if Ay € C?. In
the case of an arbitrary matrix A such an approximation is perhaps not very useful, since
it is difficult to estimate the error. But if we study the problem of, for example, interacting
electrons on lattice, we usually start with an idealized Hamiltonian that contains a kinetic
energy and a simple interaction. Multi-particle interactions or slight modifications of the
kinetic energy are usually not expected to play an important role, and if they do so the
model has to be modified. Therefore we expect that the physical behaviour of the model
does not change too much if we neglect matrix elements corresponding to contributions to
the Hamiltonian not included initially. Nevertheless, it would be desirable to have more
general statemenmis about the validity of this approximation.

Let us for a moment assume that initially the off-diagonal matrix elements are small,
such that a usual perturbational treatment of H* is justified. In this case it is possible to
solve the flow equations (2.3) iteratively. As a first approximative solution we take

R = g 4 (0) exp(— (A2 (0) — hg g (0))%€) . @.5)
The (n -+ 1)th approximation is now obtained from the nth approximation if we put
h(n+l)

B Sy B, @
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In the case n = 1 the right-hand side is easily integrated and we obtain

3 by 1 (0) + g 4€0) — 2hp H(0) O (O
Z(hkk(o — B, p(0))? + (Bg, (0) — fp, - (O))? k.p(0)p.4(0)

x [1— exp (= ((re k(0) = p, p () + (gg (0) — Py p(0))?) £)] . 2.7
In the limit £ — oo, and if no degeneracy occurs, this yields

@ P p (WA (@)
Bk = 2 O =t @8

which is equivalent to the result obtained from ordinary perturbation theory.

In our approximation we neglected matrix elements /; , € C® for which B q(0) =
Since they do not contribute to the right-hand side of (2.8), our approximation agrees with
a perturbational treatment up to second order in 2. But it is not necessarily restricted to
the regime where perturbation theory is valid.

The choice of C'@ above is completely arbitrary, and in the following we will choose
C® almost as large as possible. The guestion is then whether or not the terms neglected
are relevant in the sense that they alter the solution significantly. In the second step in our
method we then investigate this problem by simply moving some of the elements of C*® to
C and trying to analyse the new flow equations. In this way different new contributions
to the Hamiltonian will be treated and for each of them we try to find out whether it is
relevant or not.

3. Flow equations for the Anderson model

3.1, The model

The Hamiltonian of the Anderson model in a normal-ordered form is gwen by [3]
H= Zek Ch oCrr Zed d!ds +ka( ¢} oo 1+ idbere D) +L 1 didtd d,

(3.1)

The first term represents the kinetic energy of the band electrons. In addition there is
a defect state. It hybridizes with the conduction electrons. Since the phase of ¢y, is
arbitrary, we choose V; > 0. In a more general model, there will be many defects in the
lattice and the defect states will be degenerate. Here we treat only the simplest case, a
single, non-degenerate defect state. Electrons in the defect state interact due to the on-site
Coulomb repulsion. This is described by the fourth term in (3.1). Normal order is defined
by substracting the ground-state expectation values of the Hamiltonian with V = 0:

GGl = C g Cho = Nk (32)
tdlde i=dld, —ng (3.3)
where
= B¢ — €;) (34)
and
= $(8(er — €0) +8(es —€a — U)). (3.5)
&4 is given by '
€ = €g + nall (3.6)

where ¢4 is the energy of the single occupied defect state.
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3.2. The flow equations
We now set
H =) ViGeh do it :dicia ). (3.7)
P
In the spirit of our approach it would of course be desirable to set V] = V;. But we will

later see that this is too restrictive in some cases. Still one can always thmk of Vi = V; for
nearly all values of k. 7 may be written as

n=I[H H}= }:nk(‘ O os 1 = 5Cka VF P MgC Cholar b — 2 Ch ok

kg0
+ Z 1O ¢ ydgdagdy t — A} dLydoCis 2) (3.8)
 where
e = (& — &)V} (3.9)
Mg =3 (ViVy — Vo Vi) (3.10)
e =-UVf. 3.1

The commutator of 7 and H can be calculated easily,

In. Hl = an(ec]—-ek)( Chodo i 1 diha I+ D mVelchoCpo i€ ke D)
kg7

—2an didy +22nkvk(nk—nd)
+U Z e (: dLd! ol gCho  + 1 cf pdl d_ods )

- Z Nk (6 — €g)(: C}c,ch.a T C;,,,Gk,« )
kq.c

+2 Z Mieq Vgl dCro o+ 1 Cfgla )
k.q.o

=Y 1P(a ~ &G did d oy i+ 1 Gl od_ody )
Z na) Vi :dtd! d_od,
+ Z n[Z}V (el odlod oCqe i 1€ gdlalontre t — 1 ¢} odlodacy o

k.o
. t . t .
= Ch ol gdaCra i — L Ch O Oy T — cdldl ey —oChg 1)

+2 Z N2 Vi(ng —na) t dlgdg :
+U Z e (1= 2n0)(: dhdlyd—g g + 1 ¢k gdlglogdy 2)

+Uqu gl = n)C dicra t + i) ode ). (3.12)
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To obtain the flow equations for the matrix elements of H one has to compare the different
terms on the right-hand side of (3.12) with A. For instance, the second term in (3.12) is
the only term that contributes to the derivative of ¢, with respect to £,

de;‘

‘3¢
All the terms containing : dld, : contribute to the derivative of & with respect to £. But,
since €5 = €4 + ngl/ and ng eventvally changes with £, there is an extra contribution
Udngy/de. Therefore

de
d —ZZm«Vk + ZZﬂ(z}Vk(nk )+ U

=2m Vi = 2 — EIVi Vi . (3.13)

de
dnd

—2Z(ed—ek)Vka+2UZVkaCnd—nk)-{-Udz : (3.14)
Similarly we obtain
dVe 2
7 mc(ék—Ed)+ZZUk pVp + Ung(l — nan”

= Vil =&+ Vi ) VpVE— Vi) VoV — UPna(l — na) V§ (3.15)
P P

and

= -42;1‘2)1/,, =4UY Wi C(3.16)

k

‘We will now analyse these equations.
3.3. The symmetric case
Ife s =—6€, Vet = Vi €1 =0, =0, n4 = %, the Hamiltonian is invariant under
particle-hole transformations
Cho = —Croko Cho = ~Ch_pa dl. — d, dy — dl. 3.7
We choose V; = V| and obtain
de;c dVi 2, 152 dv 2

— — 1 — =4 V. .
5 =26V 7 = TV o Uzk: f (3.18)

Due to the particle-hole symmetry €4 remains zero. The equations (3.18) show that V;
tends to zero for all &k, whereas {U| and j¢;[ increase. For the density of states at the Fermi
level eg =0,

1
000, 1) = Gy fd"ka(ek) (3.19)
we obtain
; .
d“’sz D oytex ( ! f UZdE)p(OJ). (3.20)
0

Here V is the initial value of ¥}, for those &£ with ¢; = 0. The density of states in the middle
of the band decreases, but it does not vanish unless U = 0.
The case I/ =0 must be treated seperately. In this case we obtain

€(00) = sign(e(0))y/ €2(0) + 2V(0) 321
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and V,(co) = 0if ¢ (o0) # 0. If Vi # O for such k with ¢, near the Fermi energy, we obtain
a finite gap in the energy band with some states in the middle of the gap. A gap does not
show up for a single impurity in the thermodynamic limit, since V; ~ No ' where N is the
number of lattice sites. On the other hand, a system with a small but finite density of defects
behaves like a system with a single defect in a finite volume, the volume per defect. The
gap would be of the order of the density of defects. This result is presumably an artefact
of our approximation, since for I/ = 0 the equations (3.18) decouple. If ¢ is near the
Fermi energy, V; tends to zero quite slowly and therefore other matrix elements neglected
so far are important. Furthermore, the result for £/ = O is not stable with respect to small
changes of the Hamiltonian. If one introduces, for example, a non-vanishing interaction U,
the system has no gap, as expected.

3.4. The asymmetric case

In general the system has no particle—hole symmetry. The flow equations are given by

d

§ = 2(5.": —€g — ndU)Vkar (322)
Eﬂ:ZE(e — & — m UV V] (3.23)
4 . d k k k¥e .
Ve _ —(ex — €0 — naUPVi+ Ve ) VpVs = Vi Y VoV — Ulng(l — ng)Vy (3.24)
de — 0P ~

U

— =4 ; Vi VE. (3.25)

Now V. does not necessarily vanish for all £ and we have to choose

Vi =g Vi (3.26)
where
g=0 if (e —€g —nalU)* +ng{l —ng)U? -0 for €— oo
g=1 otherwise .

With this choice of V; we ensure that the right-hand side of (3.25) vanishes for £ — co.
Otherwise U becomes infinite for £ — o00. Such a divergence is typical for approximate
flow equations. A similar divergence also occured in the paper of Wegner [1]. It is clear
that the original equation (1.1) contains no such divergences since it describes a continous
unitary transformation of the Hamiltonjan, But it is always possible to choose A* such that
it vanishes for £ — co, and with such a choice no divergences occur.

We have to distinguish four possible cases.

(3.27)

(1) ng = -% for £ — co. This case is similar to the symmetric case discussed above. All V,
vanish, [U/| increases and the energies ¢; and ¢4 are renormalized. The defect state is
occupied with a single electron, it has a magnetic moment. This case is therefore called
the local-moment fixed point.

(2Ynyg=0o0rng = 1for £ - oo and g} == 0 for some k. In this case the corresponding
V; do not vanish. There is a non-vanishing coupling of the defect state to the states in
the band for which €, = ¢4+ n4U/. Since the corresponding V is zero, only the second
term in (3.24) contributes and |V | increases. This case is called the strong-coupling
fixed point.
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(3Yng=0o0rng=1for £~ 00 and g # 0 for all £. In this case ¢4 and ¢4 + U are both
above (for ng = 0) or below (for 74 = 1) the band. The defect state is decoupled from
the band and the electrons in the band behave like free electrons. This case is cailed
the free-electron fixed point.

(4) The non-interacting case with ng = 0, ng = %, or iy = 1.- In this case I/ = 0 and V;,
vanishes if € 5 €.

The above-mentioned fixed points are not fixed points in the sense that all the parameter
of the model are fixed. They merely describe classes of parameters which show a similar
physical behaviour. The main question is into which of the four classes the system falls,
depending on the initial Hamiltonian. The last case is simple since it describes an instable
fixed point of the flow equations. Only if U = 0 initially it remains zero for all £. The
other fixed poinis are more interesting, we will discuss them in dctail

The first case is the local-moment fixed point, where rny = —. e.g & < ¢ and
€3+ U > ¢p (the case ¢4 > €r and €4 + U < &F is similar). We shall assume that U
is not too small initially. Now the last term in (3.24) is the most important term. Using
U = U(0) it already vields the estimate

< Vi@ exp (— FU0)). {3.28)

Inserting this in (3.25) we obtain

U< U©exp ( Z Ukzgoi[ xp (- %UZ(O)E)]) . (3.29)

In a typical situation, 3", V2(0)/U/(0) is of order 1 or smaller. Now, if |e; — €4 — %U <o
we obtain

2
lex — (O] < —85[%[1 —exn (= 3020)8) . (3.30)
This shows that ¢; does not change very much. Therefore if we start with a symmetric
conduction band, it remains essentially symmetric and ¥, € VZ =~ 0. Consequently the
right-hand side of (3.23) is negative and €4 remains below ¢r. Only if the conduction band
is strongly asymmetric, may the system behave differently. The derivative of ¢ + U
is approximately given by > ,(eq + (1 — nk)U)Vf. Thus if €3 becomes of the order
—(1 — p/2)U7, where p is the density of electrons, €5 + U decreases and the system may
change to a state where ng = 1. Otherwise it remains in a state with ny = % The precise
values of the parameters where the transition occurs cannot be determined using the rough
estirnates above.

The situation becomes more complicated if initially ng = 0, i.e. €4 > ep and e44+-U > €F.
If ¢4 is only slightly above ep, the right-hand side of (3.23) will still be negative so that €q
decreases below ep. Then #y = ;—_ and the system rests in the local-moment fixed point. On
the other hand, if ¢g > U and if we start with a symmetric conduction band, the right-hand
side of (3.23) is positive and ¢4 increases. Somewhere between these twoe possibilities there
must be a transition where the system, depending on the inital values of the parameters,
switches from the local-moment fixed point to a fixed point with nq = 0. The question,
whether this fixed point is the free-electron fixed point or the strong-coupling fixed point,
cannot be decided easily.

Numerical solutions of the equations are presented below; they confirm this qualitative
discussion.
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3.5. Numerical results

We have implemented an adaptive stepsize fifth-order Runge—Kutta algorithm to solve the
flow equations (3.22)—(3.25) numerically. All calculations were performed for a symmetric
band ¢ = —1 + 2Jk|, &k € [—1, 1], g = O, one impurity sit¢ and N; = 50 siies in the
conduction band. The choice of the discrete N; values of &k in the conduction band does
not affect the results very much. We took them equidistant in the interval [—1,1]. In
the thermodynamic limit these parameters correspond to a 2% density of impurities and
a constant density of states in the conduction band. The hybridization energies scale as
Vi = V{0)/+/N; in this limit. We have set V{(0) = 2. '

Figures 1 to 4 show numerical solutions of the flow equations for a starting value
U(0) = 5. Corresponding to the initial vaiue of ¢, one finds, e.g., the local-moment fixed
point (figures I and 2) or the free-electron fixed point (figures 3 and 4). In either case the
off-diagonal elements V; vanish in the limit { — o0, as intended by the continuous unitary
transformations. One notices in figure 2 that this convergence of the Vi gets much faster
once €4 is below the Fermi level. This is due to the last term in (3.24).

T T T T L)
T T L] T
sl N -~ 18
& .
— 14
R - X
T \ - 12
g L
- A o
\ 0B :
g 05 = . a4 — 10 %
> 3 - s
a L Y £ g B
a \ g oS - ]
a 3 =
E oh - 2 2,
2 Ea s 8
B (XN =
& — 4
05 -
095 =
- 2
1,0 |- - 00 - o
] L i 1 1 L L 1 L L
0,00 0,05 0,10 0,15 0,00 005 nic 0,15
Flow paramater | Flow parameter |

Figore 1. Local-moment fixed point. Flow of Figure 2. Local-moment fixed point. Flow of the on-
the conduction-band energies and of the impurity-site  site repulsion ¥/ and of the hybridization V.
energy,

In the free-electron case the convergence of some V. is much slower since we are
coming close to the crossover to the strong-coupling fixed point. For the same reason U/
gets very large. But this could only be noticed if the impurity site were twice occupied,
which is a very high-lying excitation for this fixed point anyway which we cannot hope to
describe by the model. The case shown in figures 3 and 4 lies near the crossover to the
strong-coupling fixed point. If €4(0) is larger, the convergence is faster and the final value
of U is smaller. If e4(0) is smaller, e4(£) intersects the curve of the first band energy and
€4(00) lies in the band.

Finally, one can wonder about the attraction regions belonging to the different fixed
points. There are four parameters in our model: the bandwidth of the conduction band,
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1 ¥ 1 1 L) T L} ) L4 T 1
z‘s - - T T T LI L L L B L)
S A
20 - oo f 5
[ — 3000
NS o 028 -
K]
> i o
w 1OF ‘ s - - 02¢ - E
5 | — 5 - 2000 F
2 — - E] 2
& osk o - g osp v 2
2 - : 5 k y z
2 - - . T E]
o L. i o3|
E . — 1000 €
¥ —
a5t h - 05 - -
101 s ., ™ R 000 b -0
L [l 1 L I L} 1 1 1 : 1 1 1 1 i i 1 L H L 1 ]
¢ 2 4 & g 1 12 14 18 18 A0 n 2 4 & B W12 4 18 18 M
Flow parameter ! Flow paramater |

Figure 3.  Free-glectron fixed point. Flow of Figure 4. Free-eleciron fixed point. Flow of the on-site
the conduction-band energies and of the impurity-site  repulsion I/ and of the hybridization V.
energy.

the initial values of €3, U/ and of the average hybridization V. Obviously only three of
these parameters can be independent since the energy scale is arbitrary. In our case the
bandwidth is fixed. Of the remaining three parameters only two are really independent
because the flow equations connect unitarily equivalent Hamiltonians with different values
of these parameters (the bandwidth hardly changes as mentioned before for this small density
of impurities). Therefore we can restrict ourselves to investigating the attraction regions for
a fixed value of V(0), here V({0) = 2.

In figure 5 the approximate boundaries of the parameter sets belonging to the local
moment or the free-electron behaviour are drawn in the (g4(0), U (0))-plane. In between
lies the region of the strong-coupling fixed point. Since our numerical algorithm converges
very slowly in this region {compare figure 4), figure 5 shall mainly give a qualitative
impression of this region.

4. Relevant and irrelevant operators

In the commutator [#, H], many terms have been neglected and it is not clear a priori
whether or not these terms are relevant for the physical behaviour of the model. To
investigate this question, we add contributions of this type to the Hamiltonian and write
down the flow equations for the new Hamiltonian. A detailed derivation of the new flow
equations is given in the appendix.

A simple contribution in [7, H] that has been neglected is of the form 3, . , Viq :
CkoCqo o+ It will turn out that such a contribution is irrelevant for the model. To see this
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=T 1 T L ) T v T T L)
el ) u
— 3000
025 -
] o
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4 B
g — 2000 F
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LT £
= Vi s 5
£ g
— 1000 <
085 ¢ -
oot =0
i 1 1 H 1 L] L L ] L L
6 2 4 6 8 01 W B W2 Figure 5. Approximate boundaries of the parameter
Flow parametar | sets belonging to the different fixed point.

we have to investigate the flow equations for a Hamiltonian including such a term, i.e.

H=Zek Gk o Chor © +Z €:dids: +Z Vi €} ot + 1 diCro 2)
ko [ ko

U didid dy i+ Y Vig i GheCeo: - (4.1)
k.o

The flow equations are obtained from (A.8)—(A.12)

(:;;c =2(e — €D ViV + 22(6’: - Gq)qu +2 Z VegQVg Vi ~ Ve Vi — Vo Vi) “.2)
c:;; 22(6:1 — e )V Vi +2U E VieViina — ng)

+§ g Vig(Vy — VDV = VD + U %f “.3)
%‘% = —Vi((er — &2 + na(l — ndUD + Y (& —p)VipVp+ )G~ &)Vi, Vs

7 2
FY V= Vo VVe + ) Vep Vea(Ve = V) (44)
7 q./

gmg?ﬂ‘_q = —(6r — €) Vi + (& — ED ViV, + (&g ~ &)V V] + Z(ek +€ = 26)VepVoa

A\ AR AT —e,,)+2[(Ver—- va,g) gt (Vi = Vi,V V]

+ 3 V= Vo) [Vip Ve + Vo Vki 4.5)

F

—4 Z NPV =4Uy_ VP (4.6)
F
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First, one observes V. ,(oc) = 0if (g —¢;) 7 0. Vi 4 does not vanish for £ - oo if ¢, = €.
But this does not cause any problems, since nevertheless the second term in (4.2) tends to
zero for £ — oo. There are no diverging matrix elements in this limit. The equation for
U is the same as before and |U/{ increases. In the equation for V; additional contributions
occur, but they vanish for £ — oo so that V; vanishes if ny = % or € # €y. Finally,
the additional contribution Zk‘q_g Vig : €t oCq.o © to the Hamiltonian does not change the
behaviour of the system. €, €; and U/ are ‘renormalized’ somewhat, but the behaviour of
the system remains the same. Only in the non-interacting case is 3, , ; Vg * ChoCqo : 2
relevant contribution to the Hamiltonian,
The next contribution in (7, H] that was neglected is a term of the form

> VPl dlgdods 1 did A g ).

ko
Such a contribution only occurs if &/ # 0. But if U # 0 initially U/ always increases.
Therefore we should expect that matrix elements between states with ng = 2 and ng =1
are not important. This means that this contribution is likely to be irrelevant for all fixed
points. To see this we add such a term to  and H®. The flow equations are then

d o
dj‘ = 2e; — ENVIVi + ng(l — nd V) = 2n4(1 — n)U VE (Vi + VD (4.7)
dz y
5 =2 ;(ek — &+ Ume — na))(ViVie + na(1 — ng) V%)

+2 Z((ek — &) (me — 1a) + na(1 — nUNVE + V)V

21 209U S =nVP UG “8)

dE

av,
7 =~ = &) + rol = nUHVE + 204(1 — ne)lex ~ E)U VP

3y ((Vkv; = Vo ViV, + ng(1 = ngdl(Vi = VOVE~(V, — V;)V,fz’]vp@’)

F
{4.9)

di/
5 =4 Z ViV, — 42(@ — &) — (1 = 20)U)VE(VE + Vi)

+43 11 = 3na(l — ra))U — (1 = 2ng) (e — &)V, (4.10)

k
dV(ZJ _ .
dIE =—[ra(l — YU+ (ex — & — (1 = 2n )N IVE L[2U (6 — &) —(1 — 2ng) U1V

+ 3 (Ve = VOV = (Vg = VOV + (1 = 200 V)
q

U A R ANASE (@.11)
q

Although these equations look comphcated they are easy to analyse. Let us first look at
(4.10). U increases as long as V; and Vk do not vanish. On the other hand, the first

term in (4.11) guarantees that V(Z) tends to zero in the limit £ — o0. For sufficiently
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large U/ the dominant contribution is ~ —U? Vkm s0 that Vk(z) vanishes rapidly. This shows
that for ng = 4 the behaviour of V% is similar to the behaviour of Vy. In (4.7), (4.8)
and (4.10) the additional terms containing Vka’ and Vk(m are similar to the original con-
tributions containing V?. This shows that the only effect of the additional contribution
Yoo VOC €l odlyd_ody : + 1 dtdl ,d_scp, o) to the Hamiltonian is a renormalization of
€, €4, and U/, which also occurs if one changes, for example, the initial values of V. If
ng = 0 or ng = 1 we saw that V; does not necessarily vanish for £ — oo. In contrast
Vk(z] tends to zero in this case too. Furthermore, the contributions on the right-hand side of
{4.7) and (4.9) containing Vk(z) vanish. Consequently, the behaviour of ¢, and V; does not
change significantly, Only &; and U are renormalized.

In the non-interacting case (U = 0) the inhomogeneity in (4.11) vanishes. Consequently,
V® = 0 if initially V,*(0) = 0. This shows that the additional contribution

S VOt dands i+ didad gt )
k.o

to the Hamiltonian is irrelevant for the fixed points described above.
Another contribution on the right-hand side of (3.12) contains

cob ot e g gt gt :
(: € oCq—a@—ody 2+ 1 dpd yCq—sCh o ).

This contribution may be analysed similarly and it turns out that it is irrelevant. This should
have been expecied since, as in the previous case, such a term contains matrix elements
between two states with different ny. Since U becomes large, these matrix elements tend

to zero rapidly.
The last contribution in (3.12) not taken into account until now is more important. It is

of the form

Vk(.qu ¢ Cl.ﬂdiﬂd_”CQva P clfc,crdicrdrrcq.—a 1) 4.12)

k.o

and may be written as a linear combination of a spin—spin interaction and a density—density
interaction. A contribution of this form was first obtained by Schrieffer and Wolff [2]. They
introduced a unitary transformation in order to eliminate the matrix elements V. As a resuit
of this transformation one obtains a complicated Hamiltonian, which reduces to the original
one with ¥V, = 0 and an additional contribution of the form (4.12) if [V| is small. One
should expect that these terms are important in our approach as well, To see this, we add
such a term to H and HT in (3.1) and (3.7). The flow equations are obtained as before,

de -
d_zk =2er — ED ViV — 3 Via (VE = V) Velng ~ ng) (4.13)
q

dé .
_d.z‘i =2 (e —E)ViVi +2 ) VO (VE — VI Vil + g — 2n4)
k k.q

dn
~2U 3" ViVin — ng) + Ud—; — 3Vl = VUV, — ny)
k kg
—2(1~ 2n9) Y _ (& — &)k — )V ‘ (4.14)

kg

av, . )
Ff = —{(& = &a)* + na(l — n)UY;
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+ D e — )V Vilng — na) + 3 _(E1 ~ €IV AV, (ng — na)
q q

+ Y (V] — Vo ViV + Uny(l — ng) Z v,;f;csv; - V)
q

q
+23 VEVE(Y, — VH[2n,n,(1 — ng) + np + na(l — 2ng)] (4.15)
a.F
du ' @2 @ ,
Eg =4U E ViV — Z(Ek — €g)(ng — ny) Vk,g +4ZVk,q (Vg — Vq)Vk 4.16)
k k.4 q
dvgd 2
de"f = (e — )2 Vi —UViVy + ViVi) =2 Vo(Vp = VIV
g

+ D (@VVE = VWi = VWV + 2V, Vi — Vo Vi — VO VD)
r

+2(1 — 2na) Y (e +€g —26,)VAVE, 4.17)
#

To analyse these equations let us first consider the case ng = 1. In this case we have

Vi = Vi for all k£ and consequently only the first two terms on the right-hand side of (4.17)
do not vanish. The second term is the inhomogeneity, it vanishes in the limit £ — oo,
but it yields a non-vanishing contribution to Vk’SJ for finite £. Due to the first term, this
contribution will tend to zero for £ — co if & # ¢,. Butif ¢, = ¢, Vk(? remains finite,
It represents an antiferromagnetic interaction of the local moment in the defect state with
electrons in the band. This antiferromagnetic exchange coupling is well known from the
Kondo problem. In (4.16) the third term vanishes. The second term is positive and tends to
zero if £ goes to infinity. Consequently the resulting U/{o0) will be somewhat larger than
before. As before, Vi vanishes rapidly due to the first term, € and & are renormalized
somewhat. This shows that in the case of the local-moment fixed point, the additional
contribution (4.12) is marginal. It is important for the physical behaviour of the system,
but the other parameters of the model are not changed in such a way that the system
behaves completely different. We already mentioned that Schrieffer and Wolff obtained a
term similar to (4.12). To be able tc compare our result with the result in [2], we restrict
ourselves to the symmetric case and to k-vectors near the Fermi surface. Then (4.17) yields
Vk(;:z.)klr
dé

If V2 are small we can neglect contributions of higher order in V; as in [2]. Therefore we
have U = U(0) and consequently Vi, & V;.(0) exp(—% U%(0)£). Inserting this in (4.18) we
obtain

=-2UV2. (4.18)

V2 (0)
U

which is exactly the result in [2]. In the asymmetric case the analysis is more difficult
but we expect that our result differs from their result in [2]. Especially if ¢y lies in the
conduction band, the Schrieffer—-Wolff transformation is not well defined in contrast to our
transformation. We would like to mention that the Schrieffer—Wolff transformation leads
to other contributions to H similar to the irrelevant trems in our case. These additional
contributions were neglected in [2].

v, (00) = —4 (4.19)
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In the strong-coupling fixed point, we have ng = 0 or ny = 1. Furthermore, V{ = 0
for some vaIues of k. Consequently, due to the third and fourth term on the right-hand side
of (4.17), V — 0 if £ — oo for all £ and 4. In this case the other patameters of the
model are changed somewhat, but the contribution (4.12) vanishes. This is in contrast to
the free-electron fixed point, where ng = 0 or ng = 1 but V} = V for all k. Here V,c does
not vanish for some values of &£ and g. But there is no magnetic moment in the defect state
and therefore an antiferromagnetic interaction plays no role. To summarize, the contribution
(4.12) is irrelevant in the strong-coupling fixed point and in the free-electron fixed point.

5. Discussion of the resulis

In the two preceeding sections we calculated and analysed flow equations for the Anderson
model.  Especially we obtained several fixed points. These fixed points and the
corresponding relevant, marginal or irrelevant operators may be compared with results
obtained using renormalization methods by Krishnamurty er af [5]. But one has to be
careful since the idea of a fixed point differs in both cases. In a renormalization-group
treatment a fixed point is a single point in the parameter space, whereas in our case a fixed
point corresponds to a class of points in the parameter space. It will turn out that the fixed
points in [5] are prototypes in the classes we obtain. Furthermore, we should mention that
in our notation, nq is a factor of 2 smaller than in [5].

The free-electron fixed point. In this case we obtain either ¢4, ¢4+ U > ¢ for all &, ny = 0,
or €4, €4+ U < & for all k, ng = 1. Furthermore, V; = 0 for all k. This fixed point is stable,
all the operators we discussed in section 4 are irrelevant. The case ry = 0 corresponds to the
frozen-impurity fixed point in [5], which is also stable and has only irrelevant operators. In
[5] this fixed point in characterized by €4 — o0, U/ == 0 and V} = 0. The physical behaviour
of such a system is a prototype of the class of final parameters we called free-electron fixed
point.

The strong-coupling fixed point. In this case ng =0 or nqg = 1, but &4 or €4 + U lies in the
conduction band. The hybridization Vi vanishes unless €4 = €, for these values of & the
final value of V; is larger than its initial value. All the other operators are irrelevant in this
case. It corresponds to the strong-coupling fixed point in [5] where some of the V; tend to
infinity for fixed €4 and U/. )

The local-moment fixed point. In this case we have rnqy = % The defect state is occupied
with a single electron, representing the local moment. V, = 0 for all £ in this case. The
symmetric case falls into this class too. We found a marginal operator which describes an
antiferromagnetic interaction of the local moment in the defect state with the electrons in
the conduction band and a density—density interaction of the electron in the defect state
with the electrons in the band. Due to this interaction a singlet is formed. The singlet
formation takes place with electrons in the band for which ¢, = &4. The energy gain due to
the singlet formation gives the Kondo temperature. If the temperatare is above the Kondo
temperature, triplet states are occupied. This is the usual explanation of the Kondo effect.
The local-moment fixed point was found in [5] too; the antiferromagnetic interaction is
marginal.

The non-interacting fixed point. It is given by U = 0. It is unstable with respect to the
electron—electron interaction in the defect state. Other relevant operators are the additional
hybridization of band electrons and the antiferromagnetic coupling between the defect state
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and the band electrons. The special case where g = 0 and V, = 0 is called the free-orbital
fixed point in [S]. It is unstable with respect to the operators mentioned above.

In [5] another fixed point is mentioned, the so-called valence-fluctuation fixed point. It
is obtained for ¢y = 0 and Vj, = 0, U large. This fixed point occurs in our case as well. But
it is unstable with respect to the hybridization Vj, and, by definiton, unstable with respect
to changes in ¢4. Since we introduced the flow equations to bring the Hamiltonian closer
to diagonalization, the case Vi, = 0 is trivial from our point of view.

6. Conclusions

The aim of this paper was to show that Wegner’s original flow equations [1] together with
a simple approximation yield approximate flow equations which are simple to analyse. The
approximation consists of neglecting terms in the flow equation which do not occur in the
initial Hamiltonian. From a physical point of view this may be reasonable, since all of
these terms have a simple physical meaning and should occur in a more realistic model.
But one does not expect significantly different behaviour of the system if one neglects these
terms in the original Hamiltonian. Therefore they might be irrelevant for the flow equations
too. From a mathematical point of view the approximation is not yet understood. We only
showed that for irrelevant terms our results are equivalent to a second-order perturbational
treatment if the off-diagonal matrix elements are small. But since  — 0 as £ — oo, all
the matrix elements of H are functions of £ without any pole that tend to a certain value
for £ — oo. Also the approximate flow equations have this property. Therefore one should
be able to estimate the error made by the approximation. Further investigations in this
direction will be done.

On the other hand we are able to discuss the relevance of the neglected terms
a posteriori. It is possible to introduce these terms in the flow equations and to study
the effect of these terms. If a contribution is relevant, it cannot be simply included in H'
since divergencies occur. For example Vi is a relevant contribution in the strong-coupling
fixed point. If a contribution does only renormalize the other matrix elements and vanishes
for £ — oo, it is irrelevant, If it does not vanish it is marginal. In our example, the
Anderson mode]l, we were able to show that the results obtained in this way agree with
results from a numerical renormalization-group approach [5]. The main advantage of our
approach is that flow equations are obtained without any difficulty. One simply has to
caleulate two commutators, Furthermore, the flow equations (3.13)-(3.16) may easily be
generalized to the case of many defects or to the case of degenerate defect states. In
particular, the limit where the degeneracy is infinite has been studied (see e.g. [4] and the
references therein), This limit can be studied using our approach as well and it is possible
to derive flow equations without any approximation. We will use this limit in a subsequent
paper to test our approximation.
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Appendix A. Derivation of the flow equations in section 4

In this appendix we derive the flow equations presented in section 4. The new contribution
is added to H and H' and we calculate the new n == [H, H7]. Then the commutator [n, H]
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contains several new terms compared to (3.12). Some of these new terms are of a form
different from the contributions to H. These terms are neglected. The other terms are
calculated, since they contribute to the derivative of H with respect to £. Then the new
flow eguations are given.

Appendix A. 1. Ek.q'a Vig © ChoCqo

H= ;ek Dok kY et didy it kZ Vi(: ¢} pdo ¢+t dicre 0
1 o O

+U i did d_d. i+ ) Vig:ichoho - (A1)
k.q.0
ka( Ckrrd o - dtcka )+Z Vig : Ckacqo‘: (A2)
k.g,0
n={H H= an( oy i 1diCha )+ Z Mg ChoCao © =t ChoChio )
kg0 .
+ Z 12 ¢} pd! gd_ody : — 1 dLd! 4d_gcro 0) (A3)
M= (e —EDVE+ ) Vig (Vi — V) ' (Ad)
g

Mg = Sler = €V, + 1RV =V, VD) (A.5)
nf) =-UV/. (A.6)

New contributions to [n, H] are

- Z Mg Vg C € oo 1 4 1 dicro ) +2 Z M Vg T Tgp Vo) t € o Cyar -
k.g.0 kq.p0
- Z NP Vieq G € ydlodusds  + 1 didl yd_oCrg 3) . T (A
ko
The last term does not contribute to the flow equations since H does not contain a term of
this form. It will be neglected. The first term contributes to the derivative of Vz, the second
term to the derivative of Vj 4. Thus we obtain

de;

3 = 2mVet4 Zq: Mg Vig (A.8)
dgd 2 d-nd
E=—2anvk+zzn£’vk(nk—nd)+v = (A9)
Sl “&) 42T Vot na = nnfU = Ve (A10)
dﬂ I - nrK,
Vg v, 2 v, 11
it = Ve 0, Ve — mag(er — €0+ 23 (ko Vig + T Vo) (A11)
r
-4 Z Ay (A.12)

Usmg the expression for the different matrix elements of n given above we obtain {(4.2)-
(4.6).
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Appendix A2. T , VP (¢} dl d_ody 1 4 didl,d_ycpo 2)
H=Y"aic oty &:dlde i) Velich,do it idicy, )+ U dld d dy:
[ X-4 o ko

+3 VO el dgdy i A gy ) (A.13)
k.o

H = Z Vkr( c.u’tc,qdﬂ' T+ :d;-clc,a D Z Vk(Z) ¢ C:rg'o.di.u-d-a'drr o d}df_ﬂd_gck‘a )
ko ko

(A.14)
n=[H,H]= an(: S ola 1 — tdicr s )+ Z MG ChoCqa 1 — 1 Ch 4k 2)
k.ﬂ' kVQ-ﬂ
+ Z: W,Ez) (: ¢ ol ylpdy : — 1 d}dl dgop )
ko
+ Z nif{)?(: c}‘c’adlgd—a’Cq‘o’ [ C;'gdlad—'dck,d M
k.q.0
+idieg _yd-vCpot =t Ch 48l Climady :
R A . B N LI ) (A.15)
ne = (& — € Vy — na(l = n)U V& (A.16)
Mg = ViV — Vo Vi) (A.17)
72 = U Vi + (e —F = (1 - 2000V (A.18)
2 = LV — VHVE - (v, — VIV, (A.19)

The following new terms in {n, H] (compared to {3.12)) contribute to the derivative of &
with respect to £:

-2 Z(mg V,C(Z} + ({1~ 2!25)7}‘?) Vkm) : c‘i;d*_,d_padg : +22ﬂd(l - nd)ﬂf) ":JZ) : CL,,,C!:.U :
koar - k.
+2) (O = rdmK = na(l = rdfVEy 1 did,

ko
+2 D 5 Ve + g VP + (1= 2na)n D V)
kg0

X(: ¢} dod ody i+ didl d_gcre 3)
+2 3 1 VOng(l = ne): ¢ oda : + 1 dlcre 2. (A.20)
kg0
The flow equations are now
dE,rL

Tz = Ve + 241 = AR (A.21)

déy

dn
2] 24,2 d
‘ Fri "‘2; mVe+2 ; ((nk — nd)(nf) Vi + nka( )) — ng(l — nadny )th )) + U

e
(4.22)
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dv;
d—e" = —m(er — &) +sz<nk pVo + 00 VOng(l — na)) + Ung(1 —na)n  (A23)
— =—4 ch‘z’ Ve + mVP + (1 - 2nmPv®) (A.24)
av?

2 =mU — (e — &~ (1 —2nd>U)+2Z(n‘”v + Mg Vg

+(1 = 2800 V. (A.25)
Using the matrix elements of  calculated above we obtain (4.7)—(4.11).

Appendix A3. 3, . V‘z)( Chollol-gCqo 1 =1 Cf dl ytleCqms )

H and HT are obtained as before, adding this term. This yields

n= an(: c}c’dd,, c—cdlers D+ Z Mg (: c}wcq,,, = c;_dck_,, 2)
ke kg.o

-+ an (e} pdlodgds : — 1 did! ydsiro 2)
ko

+ Z M Ok odlelgCaq i =1 A edgCia :
ke

— i) d pdoCq o+ c;_ad*_{,dr,ck,_,, )

. t .. .
+ E WE;_,,(- Ch o Ch —al-oCga i~ cf?‘ad*_,,cp,_ack,f, :

kg0

+ il d ey oo i = Ch o Ch ol aChg

— €} g Ch o leCqa i 1 Ch eyt o
— i} Al CpaCpme i c:T eCh o 8aCitmc ) (A.26)
= (6 — &)V — 3 VEVE = Vod(ng — na) (A27)

q
Mg = 3(VeVq — Vo Vi) (A28)
D= —UVi+ Y VI - V) (A.29)
q

Ty = (6 — ) Vig (A.30)
Ny =3V (V, = V). (A31)

The following additional terms in [n, H] (compared to (3 12)) are of the same form as terms
in A and have to be taken into account:

- Z(nq Vkm - Zna) V)(ng — na)(: C}'c,o‘d"' T idlee ) -
koo

-+2 Z (Me.p V. (") + 14, PV{?,g)(: Ch ol gd oot — el dl ducy o D)
kag.po
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~2 Z Nk.g Vk(_?(ﬂk —ng)idid, :

k.o
~2ng(1—ng) Y nPVEC ¢l ody 1 + 1 e 2)
kaq.&
@ @ @
HA = 21) 3 05 Vig 0 VD)
kg po
x(: c,'t.o-dr_o-d-—g'cq.g‘ - Ci.”dladacq'_a. :)
~4(1=2ng) ¥ 0V (ny —ng) 1 did, :
ko - E
~2 ) Vi (e = ng) : dydlodode
kg0
+4 3 72 VBinp(1 — ng)(1 — ng) — (1 — npIngndl
ka.po
X(: oo T+ 1 diCro )
~2 Z nf; (éx — ) ¢} o4l d_oCpo : — 2 €} gdlylacy o 2)
kag.a
~4 Z nlﬁ;’.p VpC: Clz.adidd—”cqnf Ch c;:,adf-o-da'cq.—n' D
ka.po

Now the flow equations are

de
— =23V,
T e Vi
kel =2 mVe+2) P Vil —n y+yd
e . k Vi g M YR d ar
~2 ) MegVia(me —ng) —4(1 = 2ng) > n VD (e — ny)
kg k.g.0
=7 = e = )+ 2D Mg Ve + Una(l ~ ra)ig

q
2 2
~ > gV — 12 Vadng — ng) = 2ng(1 = na) Y 0PV
4 q

+43 1 VO, (1 = rg)(1 — ng) = (1 = np)ngndl
g

du
@ = 42OV =2 ) niaVig (e — o)
k kg

a
de(Z) 2 2 2
S = Ve PV = 2006 — ey =43y Vs
i r

A
123 V2 + 000 VD +40 209 Y BV + 1BV .
P P

As before, we obtain (4.13)-{4.17).

(A.32)

{A.33)

(A.34)

(A.35)

(A.36)

(A37)
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